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Solidification microstructures

Hexagonal
cells (Sn-Pb)

Dendrites (Co-Cr)

Eutectic colonies Peritectic composite (Fe-Ni)



Some basic facts

Relevant physics :

* Transport of heat and components by diffusion
—ahg-convectsn-

* Interfacial properties: surface tension and kinetics

Relevant length scales :

e Diffusion length |, = D/V ~mm

« Capillary length g ~nm

 Structural details such as tip radins~ m ~mm

Modelling problem : Complex time-dependent geometry




Phase-field models : basic idea

Explicit
tracking of interfaces
+

Boundary conditions

v

Implicit
description of interfaces
+

Evolution equation




Dendritic growth of a pure substance

Succinonitrile dendrite
IDGE experiment (space)
M. Glicksman et al.

Benchmark experiments:

Slow growth (Glicksman, Bilgram):

Undercoolings ~ 1 K
Growth speeds ~ dm/s
Tip radius ~ 10mm

Fast growth (Herlach, Flemings):
Undercoolings ~ 100 K

Growth speeds > 10 m/s (!)
Tip radius < 0.7t



Physics of solidification (pure substance)

On the interface Stefan condition
(energy conservatign

Lv, =J, =h>(csDNT|, - ¢, D, NT| )

On the interface Gibbs-Thomson condition
(interface responge

T = _g-r_mk_h
L

int m
m

In the bulk : transport _ 2
Here:assume diffusion only 1.7 = Ds,LN T



Simplest case: symmetric model

Assume: D;=D, =D C;=C,  =C
Define: y=_ " Im
L/c
Vo = DR {Ru - Ru d, = @Igc capillary length
Uy =-dok - b, i
- b=——Kkinetic coefficient
1.u = DN°u Lm

Dendritesform for anisotropic interfaces: @(N) b(n)



Order parameter for the solid-liquid

transition

f . order parameteor indicator function

A phase-field functiorf
can be defined in several ways:

- Bond-angle order parameter (MD)
- Envelope of density oscillations

The latter can be calculated quite
rigorously from DFT if the interface
width is large compared to the
lattice constant



Free energy functional

F = K(N:f)2+Hde¢f)

V

Forexample : f_ (f) =—ff 21244 /4

General scaling relations :

H : energy/volume
K : energy/length

W ~+K /H
g~ VKH =HW




Coupling to temperature

(T4 )

(T- 7o)

Tm

F = %(Kff )2+Hfdw(‘f)+2%(|- T, )t )

m

Free energy density : £ (Tff ) =f(T_ff )+

g : tilting function
Must satisfy g((i 1) =0

Otherwise: heat source
away from interfaces !



Dimensionless equations

=_F _ ﬂz(ﬁﬁ ) +1,,F)HI ugff)

H 2

L =- :FF—W Nt g5 )-11 ugd)
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L* _T-T,

Il = u
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Phase-fleld model: parameters
tNff = W2RKH - f 06 11 ugdr )
f.u=R(DRu)+> 1nff)

Phase-field parameted/, t ||
Physical parameterdy, b

Matched asymptotic expansians

W t W
d.=a,— b=a, —— a,—
R 'IW °D




Principle of matched asymptotic

-

expansions

liquid

solid

|

W

|

outer region

Inner region

W << R

W <<D/v,

e Inner region (scal®V): calculation withconstank andv,
 outer region (macroscale): simple solution becHusenstant
« matchingof the two solutions close to the interface



lllustration: steady-state growth

U= -
X® ¥
D>1




Asymptotic matching
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Numerical tests

From: A. Karma, W.-J. Rappel, Phys. Re\6’E 4323 (1998)



Example in 3D: A dendrite

Anisotropy:

w® W(A)

t ® t(A)

2
—y

A =—

_th



Convergence tests

From: A. Karma, W.-J. Rappel, Phys. Re\6’E 4323 (1998)



Comparison with theory
Growth at low undercoolingi¥=0.1)

. _2d,D

T °v

S

(depends on
anisotropy)



Tip shape

2
Tip shape (simulated) z(r ff ) =- r2- Qff)r *

 Tip shape isndependenof anisotropy strength (!)
 Mean shape Is the lvantsov paraboloid



Rapid solidification of Nickel

 Kinetic parameters are important for rapid solidifioa

 Very difficult to measure
 Solution: use molecular dynamics (collaboration vthAsta, J. Hoyt)

Data points:
circles: Willnecker et al.
squares: Lum et al.

triangles: simulations



Phase-field models for alloys

First approach (Wheeler et al., 1993): write free epangerms
of a phase field and the local composition

E o WORH P+, )41 1 6 T)

E:—:
__d_E _ dr
taf = mx, )

H 2
dc(x,t)
fc=N:j j=-M(f,cT)Nm

Has strong thin-interface effects that have so far oegmo
eliminated for a dilute alloy model (Echebarria et &l02)



Alternative approach: mixture model

Steinbach et al. 1998, Kim et al. 1999:

one separate concentration field in each phase;

the « true » concentration is obtained by a mixture ofilfieses
under the condition of equal chemical potential

Can be used

for arbitrary
phase diagrams,
but has been
less well
benchmarked
so far



Eutectic solidification

Al-Cu (Trivedi et al)

CBr,-C,Cl, (S. Akamatsu, G. Faivre)



| amellar microstructures in Al-Cu

Walker & Trivedi (2007)



Eutectic phase-field model

- Based on Access approach, but with different intetpmia
- Each phase is represented by a phase fieldtp i=a,b,L
- Constraint: p+p,+p =1



« |deal » interfaces

p;=0
P,=1-p,

One variable



Generic situation

p; varies
(third-phase
adsorption)

Two variables



Visualization in the Gibbs simplex

One independent variable

Two independent variables



Construction of the interpolation functions

Original Access model:  f_, = pizpj2
i |
Present model: fo = piz(l— pi)2 works !

Tilting function: g =pfﬂ1£(l— P, i)l1+pi— (pj— pk)zl+pi (9pi2— 5}}/4

Together with two-phase generalization of the antitragmurrent:
Reducesxactly to the quantitative alloy model on each SL-interface



Benchmark: equal volume fractions

W : thickness of the diffuse interface
| . lamellar spacing ( = width of a lamella pair)



For comparison: gualitative model

-0.003 -~ .
-0.0032 m
-0.0034
—I_ ! |
N -0.0036 |
boundary integral
0.0038 - | —  |/W=32 |
i | /W = 64
-0.004 + — | /W =96 i
I | /W =128
-0.0042 ‘ | ‘ | ‘ | ‘ ‘ ‘
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X/

For largest W: 20 % error !



Large system: eutectic composition



Lamellae-rod transition

Concentration slowly
varied:

c=-03® c=+03

Liu,Lee,Enlow, Trivedi: Al-Cu



Step dynamics on vicinal surfaces

Molecular beam epitaxy of PbTe(111)
Wiesauer and Springholz, Linz (Austria)

Importance:

e Thin film growth: surface
Instabilities (mound formation)
e Growth spirals

» Surface relaxation
 Electromigration



BCF model (Burton, Cabrera, Frank, 1951)

Problem quite analogous to solidification:

u=wlc- c) do =CeW*g/(kgT)

~ 9 Vi =Dﬁ)(Nu‘s_ NU‘L)
fT.u=DNu+F-u/t,
u. =dk+bv,




Phase-field formulation of BCF model

Phase field = surface heigimdreplace double well by cosine potential

Two length scales: terrace widtland desorption lengthx, = /Dt

X, << :local dynamics



Weak desorption

X. >>| :nonlocal coupling between steps
(steps bounded by larger terraces move faster)



Simulating spirals



Terrace width versus deposition flux

Two scaling regimes:
« Strongdesorption (BCF regime):~ F1
* Weakdesorption: (observed in experiments)



The simulation program

0O0000000

o000

program to simulate spiral dislocation growth

using explicit algorithm for the diffusion field

implicit real*8(a-h,o0-z)
parameter(nx=202,ny=202)
dimension phi(nx,ny),phiO(nx,ny),u(nx,ny),dudt(nx,ny
dimension dphidt(nx,ny)
pi=4.0d0*datan(1.0d0)
niter=400001
dx=0.5
dt=0.005

w2: gradient energy
du: diffusion coefficient

w2=1.d0

du=10.d0
tau=1000.d0
taudamp=-1.d0/tau
flux=0.1
fluxdt=flux*dt
lambda=du*1.959088
e2=1.d0/dx**2

[eNeNeNe]

[eNeNe]

[eNeNe)]

setup screw dislocation geometry

first quadrant
nxo=nx/2+1
nyo=ny/2+1
cent=dfloat(nx/2)+0.5
do j=nyo,ny
do i=nxo,nx
x=dfloat(i)-cent
y=dfloat(j)-cent
phiO(i,j)=datan(y/x)/pi
end do
end do
other quadrants
do j=nyo,ny
do i=nxo,nx
phiO(nxo-1-(j-nyo),nyo+(i-nxo))=phi0(i,j)+0.5
phiO(nxo-1-(i-nxo),nyo-1-(j-nyo))=phi0(i,j)+1.d0
phiO(nxo+(j-nyo),nyo-1-(i-nxo))=phi0(i,j)+1.5
end do
end do

initialize output origin

nxo=nx/2+1
nyo=ny/2+1
phicent=3.d0

CREATE INITIAL CONDITION

do j=1,ny
do i=1,nx
phi(i,j)=phi0(i,j)-1.d0
end do
end do
do j=1,ny
do i=1,nx
u(i,j)=0.0
end do
end do



The simulation program ||

START MAIN DO LOOP

[eNeNeNe]

t=0
do iter=0,niter

TIME STEP FORWARD

o000

do j=2,ny-1
do i=2,nx-1
dphi=phi(i,j)-phio(i,j)
dphidt(i,j)=dsin(pi*dphi)
+lambda*u(i,j)*(1.d0+dcos(pi*dphi))
+e2*w2*(phi(i+1,j)+phi(i-1,j)+phi(i,j+1)+phi(i
-4.d0*phi(i,j))
end do
end do
do j=2,ny-1
do i=2,nx-1
phi(i,j)=phi(i,j)+dt*dphidti,j)
end do
end do

Ro Ro Ro

C

C u field: explicit algorithm.

C
do j=2,ny-1
do i=2,nx-1
dudt(i,j)=taudamp*u(i,j)-0.5*dphidt(i,j)+flux+

& dure2*(u(i+1,j)+u(i-1,j)+u(i,j-1)+u(i,j+1)-4.
end do
end do

do j=2,ny-1
do i=2,nx-1
u(i,j)=u(i,j)+dt*dudt(,j)
end do
end do

C BC: no flux boundary condition
do j=2,ny-1
phi(1,j)=phi(2,))
phi(nx,j)=phi(nx-1,j)
u(L=u(2,j)
u(nx,j)=u(nx-1,j)
end do
do i=2,nx-1
phi(i,1)=phi(i,2)
phi(i,ny)=phi(i,ny-1)
u(i,1)=u(i,2)
u(i,ny)=u(i,ny-1)
end do

END TIME STEP

[eNeNe]

1)

do*u(i,j)

[eNeNe]

0O000000 o000 eNeNe]

eNeNe]

VISUALIZATION: output to be piped to spirvis
data analysis: output every turn of the spiral

if (phi(nxo,nyo).gt.phicent.or.mod(iter,100).eq.0) t
if (ivis.eq.1) then

do j=2,ny-1
do i=2,nx-1
nc = mod(int((phi(i,j)+1)*8.d0),64)
write(6,*) nc
end do
end do
end if

end if
if (phi(nxo,nyo).gt.phicent) then

output of a cut through the core: both fields

j=ny/2+1
do i=2,nx-1
write(100,*) i,phi(i,j),u(i,j)
end do
end if
t=t+dt
end do

END MAIN DO LOOP
stop visualization program

nc =230
if (ivis.eq.l) write(6,*) nc

store final results

save relevant fields in double precision
open(1,file="spi.out',status="unknown',form="unform
rewind(1)
write(1) phi,u
close(1)

end storage of results

close(20)
end

hen

atted’)



Other applications of phase-field models

 Solid-solid transformation (precipitation, martges): includes elasticity

 Epitaxial growth

e Fracture

e Grain growth

* Nucleation and branch formatiomcludes fluctuations
 Solidification with convectionincludes hydrodynamics
e Fluid-fluid interfaces, multiphase flows, wetting
 Membranes, biological structures
 Electrodepositionincludes electric field
 Electromigration

Long-term goalconnect length scales to obtain predictive capabili
(computational materials sciencg

es
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