
Transport phenomena of crystal growth –
heat and mass transfer

Peter Rudolph
Leibniz Institute for Crystal Growth in Berlin, Germany

1. Introduction
2. Heat conductivity
3. Radiation
4. Diffusion
5. Convection
6. Boundary layers
7. Interface instability – constitutional supercooling
8. 3D numeric modeling of transfer processes
9. Transport engineering by applying external forces

10. Summary

Leibniz Institute for Crystal Growth member of the ISSCG-14



„Little silver trees“

mercury or copper in solution of silver 
nitrate solution (AgNO3   0.1 - 0.5 mol/L)

Homberg (1692)

MD modelling of a deposition 
process without surface 
diffusion           Gilmer (1994)

1. Introduction History
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1. Introduction History

Snow crystals
(hexagonal system)

During the New Year‘s Eve of 1611 JOHANNES 
KEPLER was inspired by snowflakes landing on 
the sleeve.  He concluded that snow crystals are 
built by closed packed spherical particles.

This was the hour of birth of the correct building 
principle of crystallographic form and structure. 

In 1669 NICOLAUS STENO defined that crystals are growing by 
material agglomeration “from the outside” but not in ternally.

In 1849 DUROCHER introduced the term “transportation” of metals in 
the form of chlorides as the determining process of  mineral formation 



Leibniz Institute for Crystal Growth member of the ISSCG-14

1. Introduction Transport vs. interface

Before the atoms (molecules) pass over from a position in the fluid medium, just 
beyond the crystal - fluid interface, to their place in the crystal face they must be 
transported in the fluid over macroscopic distances towards the interface. 

V

fluidsolid   crystal Phase boundary
(surface, interface)

transport of heat (of 
fusion) away from 

the interface

heat transport

transport of building 
blocks to the interface

mass transport

Incorporation of 
„building blocks“ in the 

solid phase

Rejection of foreign particles

release of latent 
heat of fusion
Ith = (DH/cp)Dn

n



1. Introduction Transport mechanisms
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“particle”-driven“particle”-driven

heat: by inter-atomic pulse 
transmission, conductivity

mass: by diffuision of 
atoms/molecules

bulk/volume-drivenbulk/volume-driven
heat: by transport
within flowing volumes

mass: by convection
of fluid volumes

radiationradiation

heat: by electromagnetic 
waves

corpuscular radiance:
electrons, ions, nuclides



1. Introduction Transport phenomena
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Transport of heat Transport of mass

Radiation Conduction

Convection

Thermodiffusion Diffusion Electromigration

Bulk convection Surface (Marangoni)
convection

Forced convection Free (buoyancy) 
convection thermal

thermal

solutal

solutal Very 

manifold !



2. Heat conductivity Thermal flux and heat of crystallization
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Equation of Fourier:
dn
dT

jT l-=
l - thermal conductivity
Q - heat quantity
dT/dn - temperature gradient
F - area
r - density
cp - heat capacity
V - volume
vn - normal velocity

Thermal diffusivity:
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dT
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dQS
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Produced quantity of heat at crystallization with v elocity vn:
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2. Heat conductivity Non-steady heat transfer
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Considering conservation of energy the heat transfer (without convection) in a 
given Cartesian volume per time:
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equation of heat conductivity:

For cylindrical system: ��
�

�
��
�

�

¶
¶

+
¶
¶

+
¶
¶

+
¶
¶

= 2

2

2

2

22

2

�
11

z
TT

rr
T

rr
T

a
dt
dT

Ñ - NABLA operator

r - radius

q - polar angle



2. Heat conductivity Heat-balanced crystallization rate
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Silicon Czochralski: DHLS =   1.8 kJ/g
r S =    2.3 g/cm3

l S =    0.3 J/(cmKs) 
GS =    50 K/cm
GL =     0

vmax = 3.6 .10-3 cm/s = 10 cm/h 

dTL/dz; dTS/dz = const = GL,S

F = const, e.g.  pr2  with r = const

l S GS= l L GL + r S DHLS v

jTS = jTL + qLS

( )LLSS
LSS

GG
H

V ll
r

-
D

=
1

crystal liquid

v

jTLjTS

qLS

interface

GL

Gs

T

z



2. Heat conductivity Velocity vs. temperature gradient
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DHLS = 1.8 kJ g-1

r S = 2.3 g cm-3

l S = 0.3 J K-1 cm-1 s-1

l L= 0.6 J K-1 cm-1 s-1
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time [h]

 experiment v  = 2.15 mm/h

Position and bending of the solid-
liquid interface during growth

VGF growth of 2� InP crystals

Growth velocity in experiment and simulation: 
deviation < 10 %

2. Heat conductivity Numeric simulation of interface position
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Courtesy of G. Müller

P. Schwesig et al., Proc. 17th Int. Conf. InP and 
Related Materials, Glasgow (2005), 392 



2. Heat conductivity Thermal relaxation of the interface location
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T

GS

GL

Dz  =   0.1 cm

l =   1 J/sKcm 

DH =   4 x 103 J/g

r =   2 g/cm3

Tm-TIF = 10 K

DDDDH

jTL

qLSdz

jTS

Interface relaxation (Antonov):
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adiabatic isotherm step



3. Radiation Boltzmann Law
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Radiative heat transfer differs in two important aspects from conduction and convection of heat:
1 - no medium is required
2 - the rate of heat dissipation varies approximatel y as the fourth power of the 

absolute temperature as compared to conduction and convection.
For these reasons radiation becomes the dominant heat transfer mode at high temperatures
and in the absence of atmosphere

Spectral intensity distribution 
(black body radiation)

Wien´s dislpacement law
l maxT = 0.28979 cmK

Net heat transfer rate between radiative 
surfaces:

jR = s st e (T4 - Tsur
4)

sst - Stefan-Boltzmann constant (5.73x10-12 J/cm2K4s)

e - emissivity (0 < e < 1)
T  - absolute temperature of the emitting surface
Tsur - ...of the surrounding surfaces

Material e T (°C)

Al (polished) 0.04 - 0.06 200-600
Cu (polished) 0.02 20 
Si 0.5 1400
SiC 0.85 - 0.83 < 1300
water 0.95 20

visible region



The view factor F12 is used to parameterize the fraction of thermal power leaving 
object 1 and reaching object 2.
The heat flow transfered from Object 1 to Object 2 where the two objects see only a 
fraction of each other and nothing else is given by: 

view factor

Ai - arbitrarily oriented surfaces

discrete model
dij - Kronecker symbol = 1    if i = j 

3. Radiation View factor
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Courtesy W. Miller IKZ

Lambert´s cosinus law: directional total emissive 

power (black body): PR = I(l ) cos Q
I(l ) - radiation intensity, Q - angle



3. Radiation Radiation at Si Czochralski growth
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3. Radiation Growth velocity considering radiation
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Silicon: r = 5 cm, GL = 0 vmax = 36 cm/h 

jTS= pr2 l S (dTS/dz)

djR/dz = 2prs ste (Tsurf
4 -To

4)

boundary conditions:

T = 0;  dT/dz= 0   at z® ¥
T = Tm at z= 0

l S = l S (T) = (l m Tm)/T

Billig (1958)

T » Tm
l m » l S

wave guiding
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Transmission

1400°C

20°C

Absorption in 
DyScO3, SmScO3 
decreases the 
radial temperature 
gradient and 
increases the 
possibility of spiral 
growth.

GR

GZ

Uecker JCG 295 (2006)

3. Radiation Radiation effects at Cz of oxides
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Pros:
- high melt T
- very speedy 
- high purity

Cons:
- stability
- depth of penetration

3. Radiation Mirror furnace for crystal growth
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Stationary heat conduction TTkj TT Ñ-= )(

Radiation (view factor method) dAT�dS=�j StiT
4

see Kurz, Pusztai, Müller JCG 198 (1999) 101

dA - surface element, sst - Stefan-Boltzmann constant, ei - emissivity

Discretisation by finite element technique
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von Mises stress 
(scalar)

s - stress tensor components, c - elastic material constants, e - strain,a -
thermal expansion coeff., d - Kronecker symbol, Tref - refererence temp. 
for relaxed body

cubic symmetry, [001] growth direction (Lambropoulos JCG 1987)

3. Numeric modeling of steady heat transfer

1650
1600
1550
1500
1450
1400
1350
1300
1250
1200
1150
1100
1050
1000
950
900
850
800
750
700
650
600
550
500
450
400
350
300

T, K
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Y. Makarov STR (2002)



Global temperature distribution within an   
LEC puller with growing GaAs crystal

Temperature 
and von Mises 
stress distribution 
within a growing 
GaAs crystal

Ch. Frank-Rotsch, P. Rudolph (2003 - 05)

Code CRYSVuN++

3. Numeric modeling of elastic strain
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Radial resolved shear stress distribution 
within a growing VCz GaAs crystal
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3. Numeric modeling of dislocation density

OROWAN equation Elastic strain is relaxed by dislocation multiplication (generation): 

( )kTE�vNv a
m
effooo bbN

dt
d�

-== exp

ALEXANDR-HAASEN equation:

( ) ( )/kTENA�vKNKvN
t
N

a

m

oooo --==
¶
¶

exp

No - initial dislocation density, b - Burgers vector, 

v - dislocation velocity = vot eff  exp(-Ea / kT), 
Ea - activation energy (Peierls barrier),

t eff = t - A Ör o - effective shear stress on disloc.

radial stress distribution        

[100]

5 x 104 cm-2

7 x 103

radial dislocation distribution

- calculation - - reality -

[110]

1.5 MPa

0.5 MPa

0.8 MPa

GaAs:

dislocation cellular structuring



A. FICK (1855): Diffusion processes takes place in two or more component fluids (solutions) 
and mixed solid phases when concentration inhomogeneities do exist. Then the gradients of 
the chemical potentials generate mixing entropy acting as driving force on the atoms and 
molecules to interfuse (e.g. dopant “B” in matrix “A”).

c(z) > c(z+dz)  ® concentration gradient  (c = Ni /V º r i /r )
® gradient of chemical potential µ - precondition of diffusion,
® action of force F on each atom 
® particle transport with mean barycentric velocity u

Co

C (= CB)

z

C¥

jD

CB(z)

z dz

c(z)

c(z+dz)

CA(z)
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4. Diffusion Diffusion coefficient

particle flow 
density

)(/ EinsteinkTDb
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Fick’s first
law                     



4. Diffusion Non-steady diffusive transport
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Analogous to heat transfer the conservation of mass by diffusive transfer in a given Cartesian 
volume per time t with inner chemical source Q is :

Q
z
j

t
c D +

¶
¶

-=
¶
¶Momentum conservation

(mass continuity)

“pure diffusion”

when Q = 0 :
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¶
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Q*

3 D , Nabla operator Ñ =¶/¶x + ¶/¶y + ¶/¶z : 

02 =Ñ+
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cD
t
c Fick’s 

second law



4. Diffusion Diffusion coefficients vs. temperature
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in solids
cm

2 /
s

in melts

( )kTEDD A /exp0 -=

EA

Do
L = 0,05…1 cm2/s 

EA
L = 1 …10 kcal/mol

Do
S = 10-3…10-4 cm2/s

EA
S = 10 …80 kcal/mol 



growing interface
(or substrate)

transporting agent 
(CVD, MOCVD)

gas flow (transport)

DDDDµ 2D nucleus

ad-atom

step

surface diffusion

Atomistic sequence at vapour-solid transition:

vapour ® adsorption ® surface diffusion ® step ® kink ® incorporation

desorption

BURTON, CABRERA und FRANK

4. Diffusion Surface diffusion in epitaxial processes
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Si:Au

InP:Au

150 nm

�
�

�
�
�

� -
=

kT
E

aD s
s exp2

Surface-
diffusion

Condensation -
Diffusion

Si(V)

Samuelson et al., Physica E25 (2004) 313

P. Werner (FhG Halle, 2005)
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4. Diffusion Diffusion vs. VLS nano-whisker growth

e

l



4. Diffusion Diffusion-controlled growth from solution
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home laboratory

industrial scale (ADP)

cAf
o

c

z

cAf
¥jAfD

-jBfD

v

cAs
dcAf /dz

z = 0

cE -dcBf /dz

dD

jAsD

fluid solution cAf + cBfcrystal cAs

Balance between transport of species to the growing 
interface and their incorporation into the crystal jf = js

cAf
¥ - concentration of solute A (matrix) far from IF

cE - equliibrium concentration of A in solution at IF
cAf

o - cE = supersaturation, “driving force” of crystallization
cAs - concentration of A in solid phase
cBf - solvent (B) concentration in solution, cBs » 0



4. Diffusion Diffusion-controlled growth from solution
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cAf
o

c

z

cAf
¥jAfD

-jBfD

v

cAs
dcAf /dz

z = 0

cE -dcBf /dz

dD

jAsD

fluid solution cAf + cBfcrystal cAs
jAfD = jAsD

jAsD = v CAs =  bi (CAf
o - CE ) 

 bi - kinetic growth coefficient

v =  jAsD / CAs

=  bi (CAf
o - CE ) / (CAs)

=  jDA
L 

=  DAf (dCAf /dz)z=0

dCAf /dz » (CAf
¥ - CAf

o ) / dD

( )
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�
�

	





�

�
+

-
=

¥

iAf

D

As

EAf

	D



C

CC 1
v

R1 R2

d/D 1/bi

d /D >> 1/bbbbi - diff.-regime

dddd /D << 1/bbbbi - kinet. regime

A.A. Chernov, Modern Crystallography (Springer 1984)



4. Diffusion Aanalysis of concentration field
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Fourier in situ analysis of concentration 
field near growing crystal (NaClO3) by 

Mach-Zehnder interferometry 
A. Srivastava, K. Tsukamoto, JCG 312 (2010) 2254.

The bents near the crystal surface represent the 
change of refractive indices along the optical path due 

to the decrease of the concentration within the 
diffusion boundary layer

dD

Modeling of 3D concentration field 
around growing and rotating crystal 
(KTP) – here: supersaturation levels. 
B. Vartak…J. Derby, JCG 210 (2000) 704.

The mesh for finite element modeling contains  
217,024 nodes and 1,270,944 elements. 



4. Diffusion Solutal relaxation of IF location
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Thermal interface relaxation:
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relaxation time  t = w-1

Solutal interface relaxation: Burtan, Prime, Slichter

ddddD

CBf(z)

new C 
field

s�s....
� z

D
�

� 21
2

10010
1

»»+== -

D =  10-4 cm2/s

z

Dz isotherm step Dz = 0.1cm

Dz  =   0.1 cm



Czochralski growth

melt

interface

crystal

heater

grad rrrr

grad T

g

hot

cold

heat diffusion

buoyancy
viscosity

sagging

( ) ( )[ ]000 1 CCTT CT ----= bbrr

T
V

V ¶
¶1

C
V

V ¶
¶1 solutale 

buoyancy
thermal

buoyancy

Density:

h
C

h
T

h

CT

¶
¶

-
¶

¶
-=

¶
¶ brbrr 00

h IF
thermal 
instable 
situation

5. Convection Buoyancy – a body force
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a
T

	
�
hg

RaRa CT
CT

3

Ra
g - gravitational acceleration cm s-2

b - thermal (solutale) buoyancy K-1

n - kinematic viscosity   cm2s-1

a - thermal diffusivity (l r -1 cp
-1) cm2s-1

l - therm. conduct.., r - density, cp - heat capacity

Crystal

Melt

DT h

Th

Tc

d
h/d

103

104

105

106

102

4 82 60

Ra* = 1708

Ra* convection

no
convection

Instability (onset of steady convection) when the Rayleigh number exceeds a critical value

5. Convection Critical Rayleigh number
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Czochralski vertical 
Bridgman

Ra* » 2000 Ra* » 104-105

Leibniz Institute for Crystal Growth member of the ISSCG-14

5. Convection Buoyancy-driven convection in crystal growth

3D modeling STR



5. Convection Buoyancy convection due to radial T-gradient
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G. Müller in: Crystals-growth properties and 
applications 12 (Springer, Berlin 1988)

Even with a vertically stable
layering (negative Ra number),
buoyancy convection can occur
through radial temperature
gradients.

Wall Rayleigh number:

( )
a

dhTTg
Ra w

w n
b /2 4-

=

T =(Ta+Tb)/2 - average temperature 
between the hot and 
cold top/bottom parts

There is no threshold for 
convection in radial DDDDT !



5. Convection Prandtl number
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The dimensionless ratio 
between the transport 
coefficient of friction 
(buoyancy)

® kinematic viscosity n
and transfer of heat 

® thermal diffusivity a
Is given by the dimensionless 
Prandtl number

a
n

=Pr �
�

	


�

�
-

-

12

12

scm
scm

n - kinematic viscosity
a - thermal diffusivity (= l r -1 cp

-1)

n > a

n » a

n < a

e



laminar - oszillating

- quasi-steady-

turbulent

- non-steady -

Turbulence: disordered non-steady vortex fluid flow superposing mean 
stream field due to markedly acting friction and shear stress forces. It is the 
most intensive kind of energy interchange within fluids (melt, gases). 

Turbulence: disordered non-steady vortex fluid flow superposing mean 
stream field due to markedly acting friction and shear stress forces. It is the 
most intensive kind of energy interchange within fluids (melt, gases). 

laminar

- steady -

5. Convection Flow modes
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5. Convection Flow mode transition steps
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Krishnamurti (1973)

Si

Heat conductivity only
1700

oscillating 3D flow

NaCl

Al 2O3

CdTe

laminar flow



5. Convection Equations of continuity
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QcDcu
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c

Qjcu
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¶

2QTaTu
t
c

QJTu
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Ti
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¶
¶
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heat transfer mass transfer

dn
dc

Dj i
i

D
i -=

dn
dT

a
dn
dT

c
J

p
T -=-=

r
l ui - mean flow velocity f(n)

Ratio between convective and 
diffusive transport:

D
�

Sc=Schmidt number

Silicon: Sc = 7
LiNbO3:  Sc = 11500

a
n

=PrPrandtl number

Silicon: Pr = 0.014
Al2O3:     Pr = 40

Ratio between convective and 
heat conductivity transport:



5. Convection Marangoni convection
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Courtesy A. Cröll, Uni. Freiburg

a
LT

T
Ma

h
s D

¶
¶

-=

Marangoni number

¶s /¶T - surface tension vs.T ( < 0 )
DT     - temperature difference
L - characteristic length (radius)
h - dynamic viscosity (= n r )
a        - thermal diffusivity (= l / r cp)

correction !



5. Convection Marangoni convection at float zone growth
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calculated Marangoni convection 
and temperature field in the half of 
a floating zone of liquid NaNO3

C. W. Lan et al. JCG 104 (1990) 801

Courtesy A. Cröll, Uni. Freiburg



5. Convection Microsegregation vs. convective T oscillations
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a

Microinhomogeneities mean short-range composition fluctuations with characteristic spacing 
ranging from 1µm to 1mm usually modulating the macro distribution as “fine structure”. Such 
oscillations are found in nearly all crystals and visible under the light microscope as “striations ”. 
Oscillating interface rates are caused by temperature fluctuations induced by convective 
instabilities.  

Striations revealed by interference microscopy on 
a longitudinal cut of a InSb : Te Bridgman crystal

G. Müller (1988)

LEC of GaAs



Hurle and Jakeman using BPS, JCG 5 (1969)227 

Frequency in cycles per sec (d2/D = 1)
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Dimensionless frequency  f =wd2/D

The interface acts as low-pass filter ! 
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5. Convection Frequency behavior
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Striations within a 4” Ge VGF crystal

f = 0.18 Hz

t = 5 s

frequency

LPS 
(Lateral Photovoltage Scanning)



6. Boundary layers Definitions
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In a stirred fluid, the distributions of velocity u, concentration c, and temperature T near the 
growth interface often take the form of an exponential function, and boundary layers with 
thicknesses of dH, dD, and dT respectively, can be defined. 

dH - momentum or hydrodynamic boundary layer caused by adhering of liquid to solid phase

dD - diffusion or concentration boundary layer forms due to segregation effect

dT - thermal boundary layer descibing transistion from T in the fluid to solid wall tempearture

Coupling:
3/1

3/1
-=�

�

�
�
�

�» Sc
D

HHD d
n

dd 3/1
3/1

-=�
�

�
�
�

�» rP
a

HHT d
n

dd

w
n

d 4.5»H

ddddH u(y) = 0.54 w3/2 n-1/2 y2u(y) = 0.54 w3/2 n-1/2 y2

wwww

Please 
correct 

Eq. (21) in 
proceedings

Levich, Physicochem. Hydrodynamics (1961)



6. Boundary layers Layer width comparison
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Pr < 1Pr < 1 Pr ³³³³ 1Pr ³³³³ 1Sc££££ 1Sc££££ 1 Sc>> 1Sc>> 1

gases liquids
liquid metals and 
semiconductors

aqueous solutions 
and molten oxides

F. Rosenberger, Fundamentals of Crystal Growth (Springer, 1979)

diffusion and momentum
boundary layers

momentum and thermal
boundary layers

Relations between :



ddddH

ddddH = const

Reactor optimization at MOCVD

Q

Modeled flow patterns in an 
MOCVD reactor 
Hardtdegen et al. JCG (2004)

epitaxy

6. Boundary layers Boundary layer engineering
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Effect of segregation

melt

crystal
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boundary 

layer

7. Interface instability Boundary layer engineering
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Ingot crystallization of mc Si

Czochralski
growth

v = 0

CBL

CBs~ DBs

Impurity B in melt/crystal A

CBL
¥

ko
B < 1



CLo
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C¥

CS

T

z

T

C
S

L

m = dT/dC

W. A. Tiller et al., Acta Metalurgica 1 (1953) 428.

supercooled region

GL

Phase diagram

Diffusion 
boundary 
layer

Temperature
distribution 
in the melt 
at the IF

7. Interface instability Constitutional supercooling
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T

z

Te(z)

T (z)

T

z

Te(z)

T (z)

T

z

Te(z)

T (z)

inclusion incorporation

7. Interface instability Morphological IF instability
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Si3N4 needles between 
grains in mc-Si

LEC InP from In excess

grain structure

lamellare

waved



• Diffusion-controlled regime Tiller, Jackson, Rutter, Chalmers 1953
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• Convective regime Carruthers 1975
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• Consideration of kinetics Chernov 1975
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³ /2

1 0

• Consideration of thermal conductivities Mullins, Sekerka 1964

GT - temperature gradient          k0 - equlibrium segegation coeff.
V    - growth velocity D - diffusion coeff. in the melt
m   - slope of liquidus
CL

0 - starting concentration

DHLS - latent heat of fusion
l L,S - thermal conductivity in L, S
r S - crystal density at Tm

Q = 1/ßi(¶ßi/¶q) - kinetic factor (>1 singular face)
cp - specific heat
aL,S - thermal diffusivity in L,S = l L,S / cp r L,S

ke - effective segregation coefficient

7. Interface instability Undercritical growth parameters

Leibniz Institute for Crystal Growth member of the ISSCG-14
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keff=1
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CL¥

CS        

CLo

ko

keff»»»» ko

forced mixing

no mixing

- thermal convection by temperature gradients within the melt

- crucible-crystal rotation (e.g. Czochralski)

- accellerated crucible rotation technique (ACRT)

- vibration coupling (low-frequency and ultra sonic)

- rotating, accelerating, travelling magnetic fields  

7. Interface instability Prevention by forced melt mixing

Leibniz Institute for Crystal Growth member of the ISSCG-14



3. Numeric 3D modeling Selected example
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pBN crucible

graphite EK98

GaAs crystal

B2O3
encapsulant

graphite felt

GaAs melt

LEC growth of GaAs crystals using 3D unsteady melt flow simulatiLEC growth of GaAs crystals using 3D unsteady melt flow simulati onsons

~ 125 000 cells Makarov (STR) and IKZ (2004)

flow field within the crucible

related temperature field



3. Numeric 3D modeling Selected example
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Flow and mass transfer in solution growth of KTPFlow and mass transfer in solution growth of KTP
rotating around supporting rodrotating around supporting rod

B. Vartak, Yong-Il Kwon, A. Yeckel and J.J. Derby, J. Crystal Growth 210 (2000) 704 

The computational domain spatially 
discretized using meshes of unstructured 
tetrahedra containing 153,076 nodes and 
918,814 elements

Projections of the velocity vectors on a meri-
dional plane. The simulation explain benefi-
cial outcomes of such growth arrangement in 
terms of better global mixing and more uni-
form surface supersaturation



3. Numeric 3D modeling Selected example
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Analysis of oxygen distribution in Si Czochralski m eltAnalysis of oxygen distribution in Si Czochralski m elt
Influenced by horizontal steady magnetic field (B=2 T) Influenced by horizontal steady magnetic field (B=2 T) 

K. Kakimoto, H. Ozoe, J. Crystal Growth 212 (2000) 429

Iso-surface of oxygen concen-
tration. The mean oxygen 
concentration is 1.0 x 1018 cm-3. 
I - oxygen vortices containing 
the dissolved content from the 
crucible wall. II – concentration-
free spaces.

The used grid system Iso-surface of temperature 
distribution at 1420°C

I

II



3. Numeric 3D modeling Selected example
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Study of flow patterns at mcStudy of flow patterns at mc --Si ingot crystallization Si ingot crystallization 

N. Dropka et al (IKZ), J. Crystal Growth 312 (2010) 1407

Pure buoyancy driven velocity stream-
lines at the half melt height

symmetric 
flow

In a downward directed travelling 
magnetic field (TMF)

improved 
mixing



9. Transport engineering Targets
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- reduction of T-fluctuations by damping of 
natural convection oscillations

- prevention of chemical microinhomogeneities   
(“striations”)

- ideal mixing of multicomponent melts

- control of the stream patterns to flatten the 
growing “melt-solid” interface 

- reduction of wetting at the solid-melt-container 
triple point

Leibniz Institute for Crystal Growth member of the ISSCG-14



9. Transport engineering External forces

AC
electrostatic stabilization
of free melts

rotating field
travelling field
pulsed field

forced convection, 
convection damping, 
interface smoothing, 
boundary layer control

vibration
(e.g. ultrasonoic)

ACRT
(accelerated cruc. rot.)

convection damping,
boundary layer control,

non-steady

DC

Peltier effect,
interface smoothing, 
segregation control,
meniscus stabilization

steady magnetic field

convection damping, 
homogeneization

rotation
µg, centrifuge,

diffusion control,
axial homogeneity,
detached growth

steady

electric
(E)

magnetic
(B)

mechanical
(g)

field

Leibniz Institute for Crystal Growth member of the ISSCG-14



2. Fundamentals External forces

pp 251 - 258
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0.061501440.28
Value
( N m-3 )

FM = 
(¶g/¶T)DTL-1Fr »4rw 2DrFb»r b gDTFv » h DuEquation

Surface  
tension
(Marangoni)

Rotation-
driven 
force

BuoyancyViscosity
Origin of
force

adabted from: Muiznieks, Krauze, Nacke JCG 303 (2007) 211 

Convective forces in large Czochralski Si melts
crucible diameter = 0.7 - 0.8 m
crystal diameter = 300 mm
melt mass = 150 - 300 kg
temperature difference DT = 30 - 50 K
characteristic length L = 0.4 m

Counter-acting magnetic force º max. convective flow force !

FM

FR

FB

seed

crystal

melt

crucible

9. Transport engineering Convective forces

Leibniz Institute for Crystal Growth member of the ISSCG-14



Crucible rotation9. Transport engineering

Container/crucible rotation is limited !

h

wwww

with w = 2p urot

Leibniz Institute for Crystal Growth member of the ISSCG-14



magnetic fields in 
crystal growth

magnetic fields in 
crystal growth

steady (permanent) 
magnetic fields 

(SMF)

steady (permanent) 
magnetic fields 

(SMF)
non-steady (variable) 

magnetic fields (NSMF)

non-steady (variable) 
magnetic fields (NSMF)

horizontal 
(transverse)
(HMF,TrMF)

horizontal 
(transverse)
(HMF,TrMF)

vertical (axial, 
longitudinal)

(VMF, AxMF,LMF) 

vertical (axial, 
longitudinal)

(VMF, AxMF,LMF) 

cusp 
field 

(CMF)

cusp 
field 

(CMF)

electro-
magnetic

(EMF)

electro-
magnetic

(EMF)

rotating
(RMF)

rotating
(RMF)

travelling 
(TMF) 

travelling 
(TMF) 

alternating 
(pulsating) 
(AMF,PMF)

alternating 
(pulsating) 
(AMF,PMF)

----

+

9. Transport engineering Magnetic field modes

Leibniz Institute for Crystal Growth member of the ISSCG-14



9. Transport engineering Traveling magnetic field

Damping efficiency     Lorentz force / inertia

steady magnetic field non-steady magnetic field, e.g.TMF

induced EM force density:

FEM » s u B2

s- electrical conductivity, u - convective flow velocity, B - magnetic induction strength,
f - frequency, L - characteristic length

u/�FB EM»

required FEM = 150 Nm-3

s = 106 S/m, u = 0.1 m/s

mTu/�B 40150 »»

induced EM force density:

FEM » s B2p f L

Lf�/�FB EM»

required FEM = 150 Nm-3

s = 106 S/m, f = 50 Hz, L = 50 cm

mTLf�/�B 3.1150 »»

Leibniz Institute for Crystal Growth member of the ISSCG-14



magnetic
travelling field

magnetic
travelling field

combined
dircet current

combined
dircet current

variable  
phase shift

variable  
phase shift

variable
frequency

variable
frequency

up and down 
field direction

up and down 
field direction

Czochralski, LECCzochralski, LEC VB, VGFVB, VGF

P. Rudolph, J. Crystal Growth 310 (2008) 1298

DC: heat, AC: induction,  field programming,  energ y saving: ~ 1 o.m.

LEC - liquid encapsulation Czochralski VB - vertical Bridgman, GF - gradient freeze

KRISTMAG® concept9. Transport engineering

Leibniz Institute for Crystal Growth member of the ISSCG-14

Heater-Magnet-Module



110 mm Ø
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9. Transport engineering High-quality TMF VGF Ge crystals

GaInP

tunnel diode

GaInAs

tunnel diode

Ge

nearly flat interface
revealed by LPS (Lateral Photovoltage Scanning)

triple-junction solar cell

„striation“ - freeno container contact



Summary10. 
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� Heat and mass transfer play an essential role in all crystal growth processes. 

� To obtain defect minimum the temperature field should be installed as uniform 
as possible. 

� Diffusion is the dominant transfer process in convection-free regions. 

� The segregation-driven diffusion boundary layers may induce morphological     
interface instabilities.

� Convective transfer of both heat and mass proves to be the most rapid 
transportation process. It helps to mix the fluid phases and to move the 
matrix atoms towards the growing interface very fast. 

� Convection streams are of harmful oscillating and turbulent character
generating temperature and composition fluctuations at the growing interface.

� External forces such as accelerated crucible technique, ultrasonic vibration 
and non-setady magnetic fields become increasing importance to control 
these drawbacks.

� In order to optimize crystal growth arrangements and control the transfer 
processes 3D numeric modeling comes more and more to the fore. 
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